
Outline
- Stable 1in system with vanishing perturbation
- exponential stability @km 4. is,

Eec 4.3)

- Converse Lyapunov them

- stable nonlinear sys with vanishing
perturbation .



Consider

I -AX + gcx)

- Assume A is Hurwitz

- Assume guy is a small perturbation

such that

gas - o and t.in:"?%÷ -0
-

for example

gas ⇐ ✗ OF

Ben

18,9¥ -5×-70
as ✗ → o

- Then
,
what can we say about stability ?



- Because A is Hurwitz , for all p.ae matrix Q

there exists p.ae motrin P That salves

PA a ATP - -Q

- choose Q -I . Define typ - Lumet .

Van - ✗TPX P.d. A

radially unbounded
✓

→
then

,

Icn - 2×90 ( AK -1gal )

- ✗TCPA+ATp) +2×-1pgcx)
- - ✗TQX +2✗Tpgca)
-11¥

I -11Mt a 2111in 11PM 1180111

-
Because Cim again

11th-so 11am
• ☐ -7 HE > 0 , Id

5.tn ugqu§qx✗U if 11kUSD



-
Therefore,

Ia) f-H✗Ñ a 2 EHPHNXH
"

- - CA - 2EUR11 ) HXÑ
⇒ We are free to choose E.

Let E- * Upu so that

vial f- 12-11×112 for all Hated

-→ Fo¥AS_✗-f
Remarks
-
For any c

' function fool
,
the linearization

error gal> fat - for - 8¥as x
satisfies the property uh;]

.
118,9¥ - •

csee page 438)

- This is used to prove stability from

linearization Cthm 4.7)



-

what can we say about rate

of convergence ?

- we have

☒a) - ✗Tpx

↳ a) 2- -1-211×1? * ✗ c- D
D- {✗ I *✗1K$}

→
We use the inequality

Xmincp) ☒HE Val Ekman (p) HAN

- Mate that all eigenvalues of P is positive

because P is p.de . matrix .

-
Use the inequality to obtain rate of

convergence.

item - -¥X×Ñ E-L-xm-a.jp, V41
☒ ✗ c-D



-
Since system is stable , we can choose r

small enough s.t.tl/oHfrr-711XctiHc-D
Ht

-
Therefore ,

Vcxcts) - ÑCXctD ⇐ -2×2%114*11
Ht

- By application of comparison lemma 3.4
→

✗, Y C- 112
•

-

✗= fcx) ✗on -4calllcxct, ) £ e-¥mÉVC✗a,) lift it fan

⇒ Yet) £ ✗it)

if 11h11 Er

-7 11km112 4- Imm Chen)

⇐ E. e-
¥ñ•t -114cm)

⇐ kmeg.es#maa-tux.ni
if 1111 Ikr

-
we say ☒ - o is exponential Stahle.



Defy : Cpage 190)
-
✗ =D is exponentially stable if there exists
positive constants r, C , ✗ > 0 S - t

.

11×4-111<-811%11 É
"

, H ✗✗cutler

- ✗ - o is globally exponentially stable if

Untill 4 Cll#Heft 4- Xo

Thm_: Cthm 4.10)

- let ✗ 20 be eglb .
for izfcx)

- let be • c
' function sat.

K.tl/U2EVU1EK211Xliltxc-D
and

i. a) z - k,UXÑ 4- ✗ c- D
-

open set containingThen
, ✗-o

✗zo is exponentially stable



-
and until sF¥u✗↳ué¥t

- If D- 112^-3 globally cap . stable.
Remark :
-

- Val > Kitai ☒ ✗ implies

Vis radially unbounded

- the power 2 can be changed to any
positive constant .

Examples :
- Consider I - -✗* ✗

3

and Lypfme. VAT - ✗2

- ✗
<

←Va) 2- ✗
2 Kinkel in them .

← ICN - 2dL -✗+ ✗3)

e-2×41 - X2)

£-24-F) x2 if 1×1 2- r< I
÷

-7 X- o is exponentially stable .



and HUMID £ Hail e-
"""t

if Homer

-
Naw if I > -✗-✗ 3

→ ICN - -2×2-2×4

f- 2×2 It ✗

→ globally exp stable

1hAM Giant e-
t

It ✗ o

-

we saw that

I - AX + ga) with lim • -o
HXU-30 11×11

is exponentially stable if I-AX is

exponentially stable lar Ais Hurwitz) .

-
Can we say

the same thing for
'

✗ zfcxl -1gal if jzfcx) is exp
stable?



-
like the linear case

,
we need to use a 1- yupunne

function for jzfcx)

Cmxersetyapunnefhm : Cthm . 4.143

- Suppose, ✗- o is exp stable for izfcx)

where f is c '

llxctsllscétllxcaill It to C- Do

-

Then
, there exists a Lyapunov function

V : Do → IR such that

• Kittu
'

¥11621 ⇐ KzU✗Ñ 4- ✗ c-Do
• rich E- ksllxvi

• Hoffarth 1411141
for some positive constants Kirkuk},#a .

- if glohatl exp stable , -8hm Do - IR
"



- We can use this result to show

I e- fax, a Yong with "892¥-so
is exp stable if I #fat is exp stable

Sec 9. I

- Use the l-yapunnefeenet.in them .

itch - o¥ax ( fav -1gal)

4- KsHXÑ a 8¥ Ga)

f-KzU✗Ñ +HAHN Again

- for all qyo , 38 >o.s.to AYANE EUAN

if dated

⇒ ich E - ⑧✗Mks - Eke)

- let E- 1¥
,
-7 Echl § -÷uxñ → exp

stable


